We show that the F-theory dual of the heterotic string with unbroken Spin(32)/Z Z 2 symmetry in eight dimensions can be described in terms of the same polyhedron that can also encode unbroken E 8 × E 8 symmetry. By considering particular compactifications with this K3 surface as a fiber, we can reproduce the recently found 'record gauge group' in six dimensions and obtain a new 'record gauge group' in four dimensions. Our observations relate to the toric diagram for the intersection of components of degenerate fibers and our definition of these objects, which we call 'tops', is more general than an earlier definition by Candelas and Font.
F-theory [1] was originally defined as a particular D-manifold vacuum of the type IIB string.
Alternatively, it may be seen as a decompactification of the type IIA string, thus lifting the well known duality between the type IIA string and the heterotic string in 6 dimensions [2, 3] to a duality between the heterotic string on T 2 and F-theory on an elliptically fibered K3
surface. This has afforded new insights into the study of compactifications of the heterotic string [4, 5] . The mechanisms by which enhanced gauge groups arise are quite different on the two sides of the duality: On the F-theory side, as for the type IIA string, singularities of the manifold give rise to gauge groups; while on the heterotic side, singularities of the manifold give rise to gauge group enhancement only if small instantons of the gauge bundle lie precisely on these singularities [6, 7] . In ref. [8] several methods for constructing the relevant bundles were given. These results were recently used [9] to derive precisely which gauge groups and how many tensor multiplets occur when k instantons are placed on a singularity of type G, with G any simply laced Lie group.
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Practically all Calabi-Yau manifolds studied by physicists have an interpretation in terms of toric geometry, so it is natural to consider the manifestations of the above phenomena also in these terms. Whereas earlier studies in this context [13, 14] focused on local properties, perhaps the most elegant application involves considering complete polyhedra: Take an elliptic Calabi-Yau threefold that has K3 fibers. In this case it turns out that the K3 polyhedron is contained, as a subpolyhedron, in the Calabi-Yau polyhedron, and that the Dynkin diagrams of the gauge groups that occur upon compactification of the type IIA string on the corresponding threefold [15] can be seen in this K3 polyhedron. This phenomenon, which can be explained in terms of the intersection patterns of the toric divisors [16] , can of course be lifted to F-theory and has been studied extensively in this context [17] . So far, however, these studies have focused on the F-theory or IIA duals of compactifications of the
The purpose of the present note is to show that toric methods can equally easily be used for the description of the duals of the SO(32) string. In fact, we will find that the same three-dimensional polyhedron that leads to a K3 surface with two E 8 singularities may also (upon choosing a different elliptic fibration and blowing down a different set of toric divisors) lead to a D 16 singularity. This is what we will explain in section two. In 1 Similar results had been derived with different methods in [10, 11, 12] .
section three we consider two examples of compactifications to lower dimensions, thereby reproducing the recently found [9] 'record gauge group' in six dimensions and obtaining a new 'record gauge group' in four dimensions.
Eight dimensional vacua
An eight dimensional F-theory vacuum is determined by an elliptically fibered K3 surface with a section, where all components of the exceptional fibers except for those intersecting the section are blown down [5] . The gauge group is determined by the ADE classification of quotient singularities of surfaces. The intersection matrix of the blown-down divisors is
given by minus the Cartan matrix of the corresponding Lie algebra.
Many K3 surfaces can be constructed as hypersurfaces in toric varieties, in the following way [19] : Consider a pair of reflexive 
in IP ∆ * . This calculation has been considered in detail in [16] leading to the following simple rules: Mutual intersections of divisors in the K3 surface are nonzero if and only if the corresponding points are joined by an edge θ * of ∆ * ; in this case their intersection number is the length l(θ) of the dual edge θ of ∆ (θ has length l if it has l − 1 interior lattice points).
Self-intersections of divisors interior to θ * are −2l; the corresponding divisors are sums of l rational curves. The self-intersection of a divisor corresponding to a vertex depends on the geometry of ∆ * in a more sophisticated way. It is 0, however, in the case of a regular fiber and −2 for any component of a degenerate fiber of an elliptic fibration.
These results were used to explain the observation made in [15] that the extended Dynkin diagrams of enhanced gauge groups are visible in the toric polyhedron. As noted in [15] and explained in [21] , the fact that a K3 surface is an elliptic fibration manifests itself torically in the fact that ∆ * contains the polygon corresponding to the generic fiber as a reflexive subpolyhedron.
In this section we will consider a particular family of K3 surfaces which, by the results of [15] , can give rise to the group E 8 × E 8 ; it is the mirror family to the one determined by hypersurfaces of degree 12 in IP 1,1,4,6 . The principal point that we make in this paper is that the same dual pair of polyhedra can also give rise to the gauge group SO(32). In suitable coordinates, the dual polyhedron ∆ * is the convex hull of the points
Altogether ∆ * contains 39 lattice points. By the results of [22, 23] there is no three dimensional reflexive polyhedron with a larger number of lattice points (there is precisely one other polyhedron with the same number of points, namely the Newton polyhedron of the degree 6 surface in IP 1,1,1,3 ). Of these points 21 are 'relevant' in the sense that they are not interior to facets. As there are three independent relations of linear equivalence among the divisors in IP ∆ * we see that the Picard lattice of a generic member of the corresponding family of K3 surfaces has rank 18. Figure 1 consists of a picture of this polyhedron, showing that it contains two different reflexive triangles. We have omitted the 'irrelevant' points (the points interior to facets) except those belonging to the reflexive triangles.
In the first case this is the well known 'Weierstrass triangle', the convex hull of the points ( 1, 0, 0), ( 0, 1, 0), and (−2, −3, 0),
lying in the plane x 3 = 0. The generic fiber is determined by a Weierstrass equation in the coordinates corresponding to the vertices of this triangle, with coefficients that depend on the coordinates coming from the points outside the plane x 3 = 0. This triangle divides ∆ * into two halves, each of which is an 'E 8 top' as introduced in [15] . The section of the fibration can be identified with the divisor corresponding to the point (−2, −3, 0). The 'top' 
This triangle is dual to the Newton polyhedron of IP 1,1,2 [4] . Now the K3 polyhedron is split in an asymmetric way: On one side we have just a single point, the corresponding divisor being a smooth fiber, whereas on the other side we have 17 relevant points forming the extended Dynkin diagram of SO(32). Here we have two different sections, determined by ( 0, −1, −2) and ( 0, −1, 2), respectively. This is in agreement with the assertion in [24] that a fibration giving an SO(32) string should have two distinct sections. Again we take the extension point to be the point adjacent to one of the 'section points'. Compactification of F-theory on the corresponding K3 surface with the fibers corresponding to the Dynkin diagram blown down should be dual to the SO(32) heterotic string on a T 2 with no Wilson lines on. It is easily checked by considering the dual polyhedron ∆ that the complex structure of this model depends on two free parameters.
The two different fibration structures that can be read off from our polyhedron ∆ * are related to the fact [9] that the Picard lattice Γ 1,17 of the K3 allows two different decompositions as Γ 1,1 ⊕ Γ 16 .
Lower dimensional compactifications and large gauge groups
In this section we will give examples of compactifications of F-theory to six and four dimen- 
This is just the polyhedron ∆ * K3 we discussed in the previous section. The two different elliptic fibration structures in our polyhedron ∆ * K3 carry over to ∆ * CY . As explained in [25] , the fan for the toric variety describing the base of the fibration is determined by projecting the polyhedron along the fiber (more precisely: by considering equivalence classes of points differing only by vectors lying in the plane of the fiber). In the present case, this projection just amounts to throwing away the second and third coordinate of each point. Figure 2 shows the image of ∆ * CY under this projection and the resulting fan. The elliptic fiber can degenerate along the curves in the base space determined by the toric divisors. The way it degenerates can be determined by considering the preimage of the projection. For the points (x 1 , x 4 ) = (1, 0) and (−2, 1) respectively the preimage consists of only one point, so the corresponding fibers are just smooth elliptic curves. The other divisors in the base space lead to enhanced gauge groups as indicated. The preimages of the corresponding rays are 'tops', where we define a 'top' to be a three dimensional lattice polyhedron with one facet containing the origin and the other facets at integer distance one from the origin. This definition implies that the facet containing the origin is a reflexive polygon. The relevant points of the 'top' without the facet containing the origin form the extended Dynkin diagram of the gauge group. Note that this generalises the concept of a 'top' as a half of a reflexive polyhedron as formulated in [15] , since most of the tops we will encounter cannot be completed to a reflexive polyhedron. For the SO(·) groups the 'tops' look similar to the right part of Figure 1 , but with more points along the long line. As an example for an 'Sp(·) top' Figure 3 shows the 'top' for Sp (24) .
There are two types of subtleties that can arise from the fact that we interpret points as points of ∆ * CY on the one hand and as points of a 'top' on the other hand, both related to the fact that they need not correspond to the same number of divisors in each picture. The first of these subtleties occurs when a point that corresponds to precisely one divisor in the Calabi- Yau space corresponds to more than one divisor in the top. In this case several divisors that form part of an ADE pattern are identified globally; the corresponding monodromy leads to a non-simply laced gauge group. This is how we get the Sp(·) groups. The other special case is when points that are irrelevant in the context of the 'top' turn out to be relevant for the Calabi-Yau space, as discussed in [17] . This happens for the point (−2, −6) in the base. The preimage of the corresponding ray looks like the 'top' for SO (176) 
The E 
The preimages of its vertices are single points, the exception being the vertex (−2, −6, −6) whose preimage consists of 3613 lattice points in a row. Together with the preimage of 
consists of 6 7 × 1 + 6 43 × 1 + 1 7 × 43 × 3613 = 13 (10) points giving rise to the unbroken SO(32). In general k points in a row give rise to SO(2k+6)
or Sp(k − 1), depending on whether the point in the boundary of T is divisible by two or not. If a point that leads to an SO(·) group lies on an edge of T , then there is an additional factor of Sp(
). Altogether we get a gauge group of rank 302,896 consisting of 251 nontrivial simple factors, the largest of them being SO(7232) and Sp(3528) and the smallest being SO(32) and Sp (24) . The full list of factors is given in the appendix. It is interesting that the SO(32) decomposition seems to produce groups of larger rank than the decomposition the rank is larger. The reason for this is that the number of divisors in the base is smaller in the SO(32) case because here we project along the direction along which the extension of the polytope is largest.
